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Surprisingly short-ranged interactions in highly charged colloidal suspensions

Richard V. Durand and Carl Franck
Laboratory of Atomic and Solid State Physics and Center for Materials Research, Cornell University, Ithaca, New York 14853-
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The interaction potential between colloidal particles in a suspension has been the topic of much research
recently. Digital video microscopy techniques have come into wide use, as this method yields direct informa-
tion about the structure of such systems. However, two main problems have plagued researchers working with
this technique. First, what one sees through a microscope is actually a projection of a three-dimensional sample
onto a two-dimensional image plane. Second, in order to achieve long-range interactions between particles, the
ionicity of the surrounding medium must be as low as possible. In order to address the first problem, research-
ers have created quasi-two-dimensional samples by confining the system between two glass plates. However,
this geometry makes it difficult to control the ionicity, and it also makes the analysis more difficult since one
is dealing with an anisotropic system for which established theories of colloidal interactions formulated for the
bulk do not apply. We have developed techniques to effectively address each of these two problems. Our
sample cell is large enough to allow direct contact of the suspension with ion exchange resin, and allows one
to make bulk measurements of the structure. In addition, we have developed techniques to handle the projec-
tion effects. We have used these methods to measure the radial distribution function of dilute suspensions of
highly charged unconfined polystyrene microspheres in a density matched mixture of H2O and D2O. We found
that the interaction potential between the colloidal particles was much shorter ranged than would be expected
based on the Derjaguin-Landau-Verwey-Overbeek theory of colloidal interactions.

PACS number~s!: 82.70.Dd, 61.20.2p
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I. INTRODUCTION

Colloidal systems consisting of suspensions of char
spherical particles in aqueous media have been of espec
strong recent interest@1–12#. If we ignore the surrounding
suspending medium, the colloidal particles can be conside
as ‘‘atoms’’ complete with a long-range interaction whic
can lead to both liquid and solid phases. As such, these
tems are appealing because they provide a fertile tes
ground for theories of both the liquid and solid states.
important component of any theoretical description of a c
loidal system is the interparticle potential. This can be
duced by measuring the equilibrium structure of the sys
either through scattering or direct visualization techniqu
i.e., microscopy. The former method yields the static str
ture factorS(q), while the latter technique gives the radi
distribution function~RDF! g(r ). There are several advan
tages to direct visualization techniques. Finding the R
from microscopy data is experimentally easier, and requ
much less data reduction effort than findingS(q) from scat-
tering data. Furthermore, direct visualization methods
reveal information about higher order correlations such
triplet distributions that cannot be obtained through scat
ing experiments. In addition, extracting the pairwise inter
tion from S(q) is difficult because crucial information i
contained in the lowq region, which is difficult to access
experimentally. In contrast, it is a trivial matter to extract t
pairwise potential from the RDF in the limit of low numbe
density using the Boltzmann relationU(r )52kT lng(r).

Direct visualization techniques have their deficienci
however, as there are two main problems associated with
techniques. First, what one sees through a microscope is
tually a projection of a three-dimensional sample onto a tw
dimensional image plane, and therefore, information is
PRE 611063-651X/2000/61~6!/6922~12!/$15.00
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concerning the particle position in the direction perpendi
lar to the image plane. Second, in order to achieve lo
range interactions between particles, the ionicity of the s
rounding medium must be as low as possible. In order
address the first problem, researchers have created q
two-dimensional samples by confining the system betw
two glass plates@3,5,6#. However, this geometry makes
difficult to control the ionicity, and it also makes the analys
more difficult since one is dealing with an anisotropic syst
for which established theories of colloidal interactions fo
mulated for the bulk do not apply.

We have developed techniques to effectively address e
of these two problems. Our sample cell is large enough
allow direct contact of the suspension with ion exchan
resin, and allows one to make bulk measurements of
structure. In addition, we have developed techniques
handle the projection effects, which include systematica
reducing the effective depth of field by digital image pr
cessing methods, and an algorithm that extracts a th
dimensional RDF from two-dimensional microscopy da
We have used these methods to measure the RDF of d
suspensions of highly charged unconfined polystyrene
crospheres~of diameter 0.979mm) in a density matched
mixture of H2O and D2O. We found that the interaction po
tential between the colloidal particles was much shor
ranged than would be expected based on our understan
of the chemical environment of our samples and
Derjaguin-Landau-Verwey-Overbeek~DLVO! theory of col-
loidal interactions@13#. As will be shown in this paper, the
Debye length in our samples was 0.11–0.20mm, much
shorter than the value of'1 mm which would be obtained in
the purest possible aqueous environment, which we expe
to be close to due to our careful sample preparation and c
proximity of the particles to the ion exchange resin. Ev
6922 ©2000 The American Physical Society
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admitting the possibility of ionic contamination, we will a
gue that the Debye length should have been greater than
mm.

The organization of this paper is as follows. In Sec. II, w
describe the sample preparation, data collection protocol,
data reduction techniques. We also present a technique
constructing a three-dimensional RDF from a tw
dimensional microscope image. In Sec. III, we calculate
RDF’s of our samples, and explain why the results are
consistent with our understanding. In Sec. IV, we disc
some possible reasons for our unexpected results, and
pare our results to those of other workers in this field. In S
V, we summarize our findings and give suggestions for
ture work.

II. EXPERIMENT

A. Sample preparation

The colloidal systems studied in this work consisted
suspensions of fluorescent polystyrene particles of diam
0.97960.026 mm ~Polysciences No. 15702!. The particles
had both sulfate and carboxylate surface groups, with p
ing areas of 6–8 and 0.1–0.8 nm2, respectively@14#, yielding
approximately 43105 sulfate groups and~4–30)3106 car-
boxylate groups per particle.

The suspending medium was a mixture of H2O and D2O
~5161% H2O by volume! of density 1.05 g/cm3, which is
approximately the density of the polystyrene particles@14#.
The sulfate and carboxylate surface groups dissociate w
the particles are in solution, leading to a negative part
charge. The number density of particlesr was studied over
the range 1024–1022 mm23. The sample cell consisted of
7.532.530.12-cm3 glass microscope slide~soda lime,
VWR Scientific No. 48300-036! with an oval shaped hole
drilled into it. Two No. 1 1/2 cover slips~borosilicate, VWR
Scientific No. 48366-227! were glued to each side of the ho
using waterproof cement~Plumber’s Goop, Eclectic Prod
ucts, Inc.!, forming a cavity of approximate dimensions 1
3130.12 cm3. All glass parts were carefully cleaned prio
to assembly@15#. A small hole was drilled into one of the
cover slips in order to fill the cell. After the suspension w
introduced into the cavity via a pipetter, a small square
glass cut from a No. 2 cover slip~zinc titanium, Corning No.
2875-18! was fitted over the hole, and waterproof ceme
was placed over the area. This formed a very tight seal w
minimal contamination of the cell by the adhesive@16#.

In addition to any residual ionic impurities in the wat
used for the suspension, the glass as well as the adhesiv~in
principle! can act as virtual leaks of ions~especially the
drilled glass@17#!. To remove these impurity ions, we in
serted mixed bed ion exchange resin~Bio-Rad AG 501-X8!
into the cells prior to filling. The resin occupied approx
mately 25% of the sample volumes, and was directly in c
tact with the suspension. The ion exchange resin repla
positive and negative ions in solution with H1 and OH2

ions, respectively, which combine to form water. Thus,
assert that the presence of the D2O did not interfere with the
deionizing process. The ion exchange resin could m
freely through the sample volume, and thus, by rotating
samples about an axis parallel to the 2.5-cm side~axis ori-
ented horizontally!, the resin was moved continuous
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through the suspension, which accelerated the deioniza
process. The samples were constructed 1–2 weeks prio
data collection, and were rotated at 0.2 Hz for a total of 2
over the course of the two days prior to taking data.

Palberget al. @7# developed a system in which a suspe
sion can be continuously deionized by pumping it throug
closed loop which contains ion exchange resin. They w
able to completely deionize their specimens in approxima
1 h. We believe our rotation method and high volume fra
tion of resin should deionize on a similar time scale, a
since we rotated our samples for 20 h, we assert that
samples were strongly deionized by this procedure. Late
this paper, we will present additional arguments in suppor
our decision to put ion exchange resin directly into t
sample cell.

B. Data collection

Laser scanning confocal microscopy is the method
choice in studying colloidal suspensions, as it offers b
high signal to noise ratio and small depth of field@18#. The
images obtained are in digital format, which can sub
quently be processed to yield the positions of the partic
The confocal microscope we used@19# was fitted with a pi-
ezo driver that allowed a very precise vertical sectioning
the sample up to 90mm into the bulk. The suspension wa
viewed through the bottom cover slip using a water imm
sion objective of magnification 633 and working distance
220 mm, which, in the digitized images, yielded pixels o
size 0.20730.207mm2.

The analysis of the data is greatly simplified when t
samples are isotropic. To achieve this, we rotated e
sample as described in Sec. II A for approximately 30 m
before taking data. The ion exchange resin thus played a
role as stirrers and ion pumps. Each sample was placed
the microscope stage several minutes prior to taking dat
order to allow the suspension to equilibrate, which is enou
time for the particles to diffuse several characteristic int
particle distancesr21/3.

For each sample, the position of the bottom cover slip w
determined using the ‘‘reflected light’’ mode of the micro
scope. In this mode of operation, a bright flash is obser
when the focal plane coincides with the glass-water interf
at the bottom cover slip. This position was defined to be
zero position in the vertical, orz direction.

We examined five different suspensions with number d
sities varying from 2.331024 to 8.031023 mm23. These
number densities were calculated using the manufact
supplied value for the volume fraction 2.70% and the kno
dilutions used in preparing the samples. The data collec
from each of the sample cells consisted of a series of mic
copy images taken with the objective placed at uniform
spaced intervalsDz51 mm from z510 mm to z590 mm.
Each image was formed over a time of 1/30 s, and the pi
driver required 1/30 s to move from onez level to the next.
For each data set, 25–50 suchz scans were performed. W
started atz510 mm to ensure that the presence of the w
did not influence the colloidal structure in the region of i
terest, and we stopped atz590 mm because that was th
maximum distance to which the piezo driver would reliab
move. To correct for refractive effects, the distance mov
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by the objective was multiplied by the refractive index of t
suspending medium~1.33! to obtain the corresponding dis
tance moved by the focal plane in the sample. Because
medium was density matched to the particles, sedimenta
was minimized, and the sample stayed approximately iso
pic over the data collection period, as verified by examin
the number of particles versusz position.

C. Image analysis

In order to extract the RDF from the images, one m
first identify which features in the images are particles, a
then compute their positions. With confined suspensions,
task is made easier by the fact that only one layer of parti
is seen, and the distance between particles is large comp
to the size of a particle. In the present work, where
looked at a bulk specimen, a combination of projection
fects and a surprisingly short-ranged interaction allowed p
ticles to ‘‘overlap’’ in the images, which made our task mo
difficult.

To overcome these difficulties, we used a modified v
sion of Crocker and Grier’s algorithm@1# to extract the par-
ticles’ positions from the images. We needed to adapt th
method to allow greater flexibility in choosing various inp
parameters, due to the fact that our particles were not as
separated as those in Crocker and Grier’s samples. Spe
cally, whereas in the Crocker-Grier~CG! algorithm, the
length scales for the background subtraction@20#, candidate
particle selection@21#, and moment calculation@22# were all
the same, with our modifications we allowed different valu
for each. The intensity profile of a particle is approximate
5–6 pixels in diameter, somewhat larger than the phys
diameter of 4.7 pixels. We chose a CG background subt
tion length scale somewhat larger than the particle diame
or 6–10 pixels. The CG candidate particle selection len
scale was chosen to be approximately the diameter of
particle, or 4–5 pixels, while the CG moment calculati
length scale was chosen to be approximately the radius o
particle, or 3–4 pixels.

Another modification to the algorithm included the optio
of finding the particle position by fitting the intensity profi
I (x,y) of the particle to a Gaussian of the form

I ~x,y!5I 0expF2
1

2 S x2x0

sx
D 2

2
1

2 S y2y0

sy
D 2G , ~1!

instead of using the intensity weighted centroid as in
Crocker-Grier method. When using a Gaussian fit to find
center of the intensity profile of a particle, one may use
smaller region of the particle than with the intens
weighted centroid method. In the latter method, one m
integrate over the entire intensity profile, and, if another p
ticle happens to be within the integration region, then
calculated centroid will be biased toward the nearby parti
Using a Gaussian fit, very good results are obtained by
stricting the fit to a region well within the boundaries of th
particle, thus reducing the biasing effect. Accordingly, t
Gaussian fit was performed over a circular region of rad
somewhat smaller than the particle radius, or 2–3 pixels

There was some variation in how the images were a
lyzed. In some cases, no background subtraction was d
and in other cases, a smoothing operation was performe
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the images prior to analysis. Sometimes a Gaussian fit
not performed, and the intensity weighted centroid was u
to find the particles’ positions. These variations did not s
nificantly affect our results.

For each particle identified, the algorithm also gives
series of descriptive parameters about the particle such a
brightness@23#, the radius of gyration@24#, and the peak
intensity@ I 0 in Eq. ~1!# as determined by the Gaussian fit~in
cases where the Gaussian fit was used!. Using these param
eters, one can make cuts on the data to eliminate spurio
identified particles caused by fluctuations in the backgrou
intensity. These parameters can also be used to chang
effective depth of field since particles become dimmer a
less focused the further they are from the focal plane. T
ability to change the effective depth of field is particular
important for our observations, where we are not looking a
monolayer of particles, but at a finite slice of a three dime
sional system.

Once a series of coordinates representing the partic
positions have been found, it is straightforward to comp
the RDFg(r ) using

g~r !5
N~r !

n2prDr
, ~2!

whereN(r ) is the number of particles in the neighborhood
a reference particle which are in a circular ring of inner a
outer radii r 2Dr /2 and r 1Dr /2, respectively~averaged
over all possible reference particles and images!, andn is the
two-dimensional number density of particles averaged o
all images. To avoid boundary effects, we only use refere
particles that are at least a distancer max from the borders of
the images, wherer max is the largest distance we want t
consider, which in this work is 10mm. In choosing the ap-
propriate bin widthDr , one has to compromise between tw
competing factors. IfDr is too small, then there are few
particles per bin and the statistics are poor. On the ot
hand, if Dr is too large, then significant smoothing ofg(r )
occurs, and the discrete approximation given by Eq.~2! will
depart significantly from the underlying continuousg(r ). We
chose the smallest bin width that gave reasonably sized
tistical errors,Dr 50.2–0.5mm.

Note that this RDF is actually a two-dimensional, or pr
jected, RDF because it was derived from data from a mic
scope image, which only contains two-dimensional coor
nates. The present experiment was originally designed
take advantage of thez-scanning feature of the confocal m
croscope to obtain fully three-dimensional information abo
the particle positions. However, in order for this to be po
sible, the particles needed to be far enough apart so tha
Brownian movement in the 1/30-s time period betweenz
levels was negligible compared to the typical pair separat
As we will discuss later in this paper, the interaction ran
was much shorter than expected, so the above criterion
not satisfied, and we had to resort to a two-dimensio
analysis of the data.

D. Dealing with projection effects

When the RDF is extracted from microscopy data, wha
really being calculated is a ‘‘projected’’ RDF, since one is
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effect integrating over the depth of field. Using the projec
RDF to extract information about the pairwise potential c
lead to incorrect results@8#, so understanding how to prop
erly handle projection effects is very important. In Fig. 1, w
see two particles within the observation region of depth
field h, defined to be the maximum possible vertical cent
to-center distance between two particles which are simu
neously visible under the microscope. The distances betw
the top of the observation volume and the centers of parti
1 and 2 are denoted byz1 andz2, respectively. The distanc
between the particle centers as seen under the microsco
r, while the actual distance isAr 21(z12z2)2. Let us define
the projected RDFgp(r ) such that the density of particles i
the microscope image an apparent distancer away from a
particle is given byngp(r ), wheren5rh is the projected
number density, andr is the three-dimensional number de
sity. Thush can be calculated ifr is known. Let us assume
that the particle distribution is uniform in thez direction, and
that the system is isotropic. It can then be shown that
relationship between the three-dimensional RDFg(r ) and
the projected RDFgp(r ) is given by

gp~r !5
2

h2E
0

h

~h2x!g~Ar 21x2!dx. ~3!

This formula indicates thatgp(r ) is simply g(r ) smoothed
over r values greater than or equal to the projected interp
ticle distance of interest. This smoothing reduces the RD
deviations from unity and softens any hard-core-like fe
tures. Note that as the depth of field goes to zero,gp(r )
approachesg(r ), as it must for an isotropic system@25#.

If the density of the system is not too large, then lit
information is lost due to particles overlapping in the field
view, and an inversion of Eq.~3! is possible using an itera
tive method. Given agp(r ), define a sequenceg(n)(r ) as@26#

g(0)~r !5gp~r !, ~4!

g(n11)~r !5g(n)~r !1gp~r !2gp
(n)~r !, ~5!

where gp
(n)(r ) is the projected version ofg(n)(r ) obtained

from Eq.~3!, and we add the condition that ifg(n)(r ),0 for
any r, then we setg(n)(r )50 at thatr. We hypothesize tha

FIG. 1. A schematic picture of two colloidal particles in a
observation volume of heighth. Other position variables are define
in text.
d
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lim
n→`

g(n)~r !5g~r !. ~6!

Thus, given an experimentally measuredgp(r ), one can de-
termineg(r ). Note that in order to calculateg(r ) for r larger
than some arbitraryr 0, one only needsgp(r ) for r>r 0.
Thus, even if the data at smallr are unreliable due to statis
tical and image processing concerns, the unprojection a
rithm can still be used to calculateg(r ) at larger.

We have not proven analytically that the iteration sche
works, but we have found empirically that it works for ha
sphere distribution functions, and converges after 10–
iterations. Unfortunately, the method is a noise enhan
that is, any noise ingp(r ) will be enhanced in the calculate
g(r ). However, even if the statistics in the calculatedg(r )
are very poor, the method is still useful as a way of estim
ing the size of the discrepancy betweengp(r ) andg(r ), and
can therefore yield an estimate of the uncertainties due
projection effects in RDF’s derived from microscopy data

Figure 2 shows the RDF from a sample of density 8
31023 mm23, and the results after the unprojection alg
rithm @Eqs.~3!–~6!# is applied to it forr>2 mm. Values of
gp(r ) between data points were obtained by linear interpo
tion, and we setgp(r )51 for r>10 mm. The depth of field
was estimated to be 2.5mm from the knownr andn. In this
case, the only part ofg(r ) that is significantly affected by
projection is the region whereg(r ) rises steeply to unity, and
even there the correction is small.

Another way to assess projection effects is to vary
effective depth of fieldh. As h approaches zero, the projecte
RDF approaches the three dimensional RDF, and thus
computing the RDF as a function of effective depth of fie
one may determine if the finite depth of field is significan
affecting the measured RDF. In order to set an effect
depth of field, we must identify characteristics of the pa

FIG. 2. The projected RDF for the sample of densityr58.0
31023 mm23 ~dots!, and the result when the unprojection alg
rithm described in the text is applied~solid line!. Also shown is the
fit to Eq. ~9! ~dashed line!, as discussed later in the text. The sudd
erratic behavior of the unprojected RDF atr 510 mm is an artifact
of the algorithm which occurs at the upper boundary of the da
The values for the RDF forr<1 mm are unphysical because in th
region significant errors arise due to overlapping particles in
images.
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6926 PRE 61RICHARD V. DURAND AND CARL FRANCK
ticles that are sensitive to theirz position. We found that the
particle brightness and radius of gyration are the two par
eters that depend most strongly on the distance of the par
from the focal plane. The variation of these parameters w
respect to position is approximately symmetric about the
cal plane, and therefore one cannot determine the absolz
position of a colloidal particle because of this ambigui
However, one can use these parameters to set the dep
field by making appropriate cuts.

Figure 3 shows the projected RDF for the sample of d
sity r57.531023 mm23, for three different effective depth
of field. By removing less bright particles from conside
ation, which were farther from the plane of focus, w
changed the effective depth of field, which was calcula
using h5n/r. This technique seemed to work well forh
*2 mm, but when we tried to select only the brightest p
ticles and hence have the smallest possible depth of fi
then the RDF was not properly normalized, i.e., it did n
approach unity asr became large. We found that this wa
because the particles were slightly brighter in one region
the images, so that when the intensity threshold was set
high, only the particles in that small section of the imag
were selected. However, the calculation of the RDF assu
that the particles were uniformly distributed, which mea
that the number density used in the calculation was
small. As seen from Eq.~2!, using too small a density cause
the calculated RDF to increase from its true value. Th
making sure that the RDF has the proper normalization
crucial step in determining whether there is any spatial b
in the data.

Another approach that we found useful in reducing
effective depth of field was to accept only those partic
whose radius of gyration was within a certain range. By c
brating against a collection of particles fortuitously adhe
to the bottom cover slip in one of our samples, we were a
to correlate the radius of gyration~using the Gaussian fitting
method! to the distance of the particle from the focal plan
When doing this, it is crucial to first smooth the images
averaging the intensities over a 333 neighborhood around
each pixel. This reduces the noise in the images, and m

FIG. 3. The RDF for the sample of densityr57.531023

mm23, with the particles thresholded at different brightness lev
to achieve effective depths of field (n/r) of 1.3 mm ~dotted line!,
1.7 mm ~dashed line!, and 2.6mm ~solid line!.
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the parameters in the Gaussian fits more reproducible. To
the depth of field, one removes particles whose radius
gyration does not fall within the range dictated by the ca
bration curve. We used this method on some of our data,
it did not significantly affect our final results. However, th
method did provide an independent value ofh and hencer,
which could be compared to the value ofr calculated from
the starting volume fraction and known dilution. The valu
agreed very well~within 10–30 %!, which increased our
confidence in the methodology, and indicated that the p
ticles were well dispersed in the samples. Using the radiu
gyration instead of the brightness to set the effective dept
field has the advantage of not depending as strongly on
level of fluorescence doping in the particles, which cou
conceivably vary from particle to particle.

III. RESULTS AND ANALYSIS

We assume that the particles in our samples obey
repulsive part of the DLVO potential given by@13#

UDLVO~r !

kT
5Z2l BS eka

11kaD 2 e2kr

r
, ~7!

wherer is the center to center distance between two spher
colloidal particles with effective charge numberZ and radius
a, the Bjerrum lengthl B5e2/(4pee0kT)'0.7 nm in water
~and D2O) at 23 °C, and

k254p l B( zi
2ci , ~8!

where the sum runs over all ionic species of valencyzi and
concentrationci . The Debye screening lengthlD51/k is a
measure of the range of the interaction. For pure wa
where the only ionic content is due to autodissociation,lD
51.0 mm at 23 °C, while for pure D2O, lD51.7 mm at
23 °C @27#, so for a mixture of pure H2O and D2O, we ex-
pect lD*1 mm at 23 °C. In order to have a long-range
interaction, the ionic content of the suspension must be
low as possible, which was the motivation behind having
ion exchange resin in such close proximity to the colloid
particles. An attractive van der Waals interaction is a
present, but at surface-to-surface distances greater than a
nanometers is completely dominated by the repulsive e
trostatic component given by Eq.~7!, and is thus neglected
The temperature of the samples varied from 21.4 to 24.6
with an average of 23 °C over the course of three days
data collection, which reflects the variation in temperature
the surrounding air, since the samples were not tempera
controlled.

The DLVO potential given by Eq.~7! was derived using
approximations valid only for low surface potential, o
equivalently, small particle charge. However, Alexanderet
al. @28# showed that even when the particles are hig
charged, Eq.~7! can still be used with a renormalized char
in place of the ‘‘bare’’ charge~the number of ionizable sur
face groups!. This approach has been shown to be valid
observations of the freezing transition in colloids@9,29# as
well as by electrophoresis measurements@9#. If the bare
charge is used in Eq.~7!, then the results are inconsiste
with experiment@9#. Similarly, if one assumes that the su
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face is only partially ionized, and uses the condition
chemical equilibrium of dissociable surface groups to cal
late the charge, then that too conflicts with experiment@9#.
According to charge renormalization theory, for particl
with a large number of ionizable surface groups, the effec
charge Z that should be used in Eq.~7! is given by Z
5Ca/ l B , wherea is the radius of the particle, andC is a
constant between 4 and 10@1,2,9#. The exact value ofC
depends on the number of colloidal particles and io
present, but for the present work, a precise knowledge ofZ is
not needed, and the above estimate forC will suffice. For the
particles used in this work, this givesZ53000–7000, and we
will adopt the intermediate valueZ55000. Since the renor
malized charge is smaller than both the bare charge and
charge obtained using chemical equilibrium methods@9#, we
feel thatZ55000 is a lower limit for the charge that shou
be used in Eq.~7!.

The RDF of a fluid interacting via a strongly repulsiv
potentialU(r ) can be well approximated by the expressi
@30#

g~r !'yHS~r /seff ,rseff
3 !e2U(r )/kT, ~9!

where yHS(r /seff ,rseff
3 ) is the RDF of a hard sphere flui

consisting of particles of diameterseff and number densityr,
which has been extended to the regionr ,seff in a math-
ematically consistent way. There is no exact closed fo
expression foryHS, but since our samples are at such lo
density, we may approximateyHS by @31#

yHS~r /seff ,rseff
3 !'11rseff

3 g1~r /seff!, ~10!

whereg1(r ) is given by

g1~r !5p~r 3/122r 14/3!, r<2

50, r .2. ~11!

The effective diameterseff is given to first order by the
expression@32#

seff5E
0

`

~12e2U(r )/kT!dr, ~12!

with higher-order terms adding corrections of less than
for rseff

3 &0.5 ~which is true for all of our samples!. For a
system of particles in the liquid state interacting via
strongly repulsive potential such as the DLVO potential@Eq.
~7!#, at r'seff the RDF begins to depart significantly from
zero, making this a useful parameter when describing
range of an interaction.

Figure 4 shows the projected RDF’s for four samples
densities 2.431024, 7.331024, 2.531023, and 7.531023

mm23, computed using the previously described techniqu
with effective depths of field of 2.6, 2.7, 2.6, and 2.7mm,
respectively. Adjusting the depth of field using either inte
sity or radius of gyration cuts as described in Sec. II D d
not significantly affect our final results. These results a
did not depend on the distance from the nearest ion excha
resin beads, which was varied from approximately 200
3000mm.
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As seen in Fig. 4, all the projected RDF’s rise rapid
from zero to unity with no oscillatory structure, and there
no change in the RDF’s over a factor of 30 in density, whi
indicate that the samples are in the dilute limit. We appl
the unprojection algorithm of Sec. II D to these RDF’s, a
then fit the unprojected RDF’s to Eq.~9! by eye@evaluated
using Eqs.~7! and ~10!–~12!#, where the steep rise from
g(r )50 to g(r )51 was considered the most important fe
ture. The RDF’s were altered by the unprojection algorith
in a way qualitatively similar to the results in Fig. 2. SinceZ
was fixed at 500062000, this was a single parameter fit fo
lD which yielded Debye lengths of 0.1460.03, 0.11
60.02, 0.1160.02, and 0.1160.02mm in order of increas-
ing density. The uncertainties inlD are mostly due to the
uncertainty inZ. If projection effects had not been taken in
account, the calculated Debye length would have been 0.
0.03mm smaller.

The Debye length is a useful parameter in describing
range of the interaction, but what do we do if the interacti
potential is not of the DLVO form as appears to be the c
for highly confined colloidal suspensions@3,5,6#? Sinceg(r )
typically rises rapidly from 0 to 1, we might define a ph
nomenological interaction range by the distancer at which
g(r )5b, whereb is between 0 and 1. It is somewhat arb
trary what we choose forb, with b51/e or b50.5 being
‘‘natural’’ choices. However, as is shown in the Appendi
for exponentially decaying potentials~such as DLVO!, the
effective diameterseff given by Eq.~12! can be approxi-
mated quite well by U(seff)/kT5e2g'0.56, where g
'0.5772 is Euler’s constant. In the dilute limit, this leads
g(seff)5e2e2g

'0.57. It is very appealing to have our ph
nomenological interaction range coincide with the effect
diameter of Eq.~12! for DLVO-type potentials, so we will
chooseb50.57, and call the so-defined length scaleseff .
We feel that a length scale defined in this way is a use
phenomenological parameter because it requires no kn
edge of the interaction potential, and can be derived dire
from the experimental RDF’s. This will make it easier

FIG. 4. RDF’s for samples of number density~a! 2.431024

mm23, ~b! 7.331024 mm23, ~c! 2.531023 mm23, and ~d! 7.5
31023 mm23. Each graph is offset by successive increments
unity for clarity. The number of images used to create these p
was ~a! 3969,~b! 3010,~c! 3050, and~d! 310.
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compare the results of different workers’ colloidal expe
ments.

For the data in Fig. 4, the projection-corrected effect
diameters @using g(seff)50.57] are 1.960.2, 1.760.1,
1.6760.03, and 1.7060.03 mm, in order of increasing den
sity. We found that the effective diameters derived from p
jected RDF’s were 0.1–0.2mm shorter than the projection
corrected effective diameters. For the uncertainties inseff ,
we used the statistical uncertainties in the effective diame
derived from the projected RDF’s.

Referring back to Fig. 2, we see the projected RDF for
sample of density 8.031023 mm23, which was constructed
approximately one week earlier than the samples wh
RDFs are shown in Fig. 4. In the same way as before,
unprojected RDF was fit to Eq.~9! by eye@evaluated using
Eqs.~7! and~10!–~12!#, and the results are shown in Fig.
The projection-corrected Debye length is 0.2060.02 mm,
while the projection-corrected effective diameter@given by
g(seff)50.57] is 2.3460.02mm, where the uncertainty wa
obtained in the same way as described above. Note the s
but significant overshoot of unity atr'seff , which is not
present in the RDF’s of Fig. 4. The height of the peak in
calculatedg(r ) is consistent with the data. Even at this hig
density and large effective diameter, however, there is
very little liquid structure, which is characterized by oscill
tions in g(r ), so this system is still close to the dilute limi

The longer interaction range in this older sample sugg
that the ionic strength in this sample was lower than in
other samples, which had Debye lengths of approxima
0.11–0.14mm. One might conclude that we had not give
the ion exchange resin enough time to deionize the samp
because of the apparent decrease in ionic strength over
To further investigate this, we looked at the sample cells
densities 2.531023 and 7.531023 mm23, five months after
the initial data were taken@33#. The suspensions appeare
the same as they had five months earlier, and very little fl
culation had occurred. Unfortunately, the sample of den
8.031023 mm23 had evaporated over the five month perio
and could thus not be examined. The results for
projection-corrected Debye lengths and effective diame
for these and the earlier samples are summarized in Tab
Since no general trend toward larger interaction ranges
observed over time, we conclude that the samples had in
been fully deionized at the time of the original data colle
tion.

Before the present research was undertaken, prelimin

TABLE I. Projection-corrected effective diameter@using
g(seff)50.57] and Debye length as a function of the age of
sample, which is the time between the construction of the sam
cell and the collection of data.

Age ~days! seff (mm) lD (mm) Density (mm23)

5–6 1.960.2 0.1460.03 2.431024

5–6 1.760.1 0.1160.02 7.331024

5–6 1.6760.03 0.1160.02 2.531023

9–10 1.7060.03 0.1160.02 7.531023

16–17 2.3460.02 0.2060.02 8.031023

'160 1.760.3 0.1160.04 2.531023

'160 1.860.2 0.1260.03 7.531023
-

rs

e

e
e

all

e

ill

ts
e
ly

s,
e.
f

c-
y
,
e
rs
I.

as
ct

-

ry

experiments were performed to determine how extensiv
water could be purified. Since ionic content is approximat
proportional to the conductivity of the solution@34#, we used
conductivity ~or equivalently, resistivity! as our measure o
water purity.pH is not an adequate purity measure, becau
for instance, the addition of NaCl will not affect thepH.
When water was drawn from a recirculating ion exchan
column~Barnstead Nanopure!, the column indicated that the
resistivity was 18 MV cm, which is the resistivity of pure
water at 25 °C. However, when we filled a well cleaned pl
tic bottle with water from the column, transferred a sm
amount to a glass vial~height, 5 cm, diameter, 2 cm!, and
then measured the ac conductivity at 200 Hz with an
bridge @35#, the result always lay between 0.7 and 1
MV cm. The measurement was performed repeatedly w
fresh water in order to rinse off any residual ionic impuriti
on the vial or conductivity probe, and the plateau value is
quoted resistivity.

What can be causing the discrepancy between the col
reading of 18 MV cm and the measured value of'1
MV cm? Workers have expressed concern about contam
tion by atmospheric CO2 which forms carbonic acid
(H2CO3) in water@2,3,36#. In fact, when water is in equilib-
rium with atmospheric CO2, the resistivity is predicted to be
'1 MV cm (pH 5.6! at 23 °C based on Henry’s law con
stant for CO2 in water and the dissociation constant for ca
bonic acid@37#. So it might be concluded that atmospher
CO2 was contaminating the water immediately upon leav
the column, since the resistivity was measured'15 min af-
ter taking it from the column@38#. To test this idea, we
constructed an ion exchange column consisting of a polyp
pylene tube~diameter, 1.5 cm; height, 12 cm; Bio-Rad N
732-1010! filled with mixed bed ion exchange resin, an
fitted with a stopcock at the bottom to control the flow. Th
column, along with a sample of water from the Barnste
column, were placed in a glove chamber (I2R Model X-27-
27! which was evacuated and then filled with argon. Th
evacuation-filling cycle was repeated several times to co
pletely flush the air from the glove chamber. Fresh water w
then run through the column repeatedly under the argon
mosphere, and the resistivity reached a plateau at
MV cm. The water was left in the glass vial after the fin
measurement, and the glove chamber was opened to air.
resistivity subsequently decreased, reaching a final va
rfinal50.7 MV cm after approximately 40–50 h. At interme
diate times, 1/rfinal21/r decreased approximately expone
tially with a characteristic time of 6–8 h. After 30 min, th
resistivity was 2.8 MV cm, so the absorption of CO2 into the
water appears to be very slow under these conditions~if in-
deed the drop in resistivity is due to CO2).

Since we were still unsure as to exactly what ionic imp
rities were causing the resistivity drop, and the water
peared to be pure while it was in the Barnstead column,
decided to put the ion exchange resin directly into the cel
simulate the chemical environment in the column. We as
that the purity achieved in our sample cells was at leas
good as that achieved under the argon atmosphere with
constructed ion exchange column. The resin in the sam
cells should have removed any carbonic acid, and we h
already shown that absorption of atmospheric CO2 is a very
slow process even under conditions where much surface

le
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is exposed, so the process should have been even slow
our samples which were well sealed. If the ionic impuriti
were in fact due to carbonic acid, then a resistivity ofr55
MV cm would correspond to a Debye length of 0.42mm at
23 °C (dlD /dr50.04 mm/MV cm). If the ionic impurities
were due to NaCl~which typifies lightweight ionic impuri-
ties!, then a resistivity of 5 MV cm would correspond to a
Debye length of 0.27mm at 23 °C (dlD /dr50.03
mm/MV cm) @39#. These results indicate that the Deb
lengths in our samples should have been significantly la
than the measured values of 0.11–0.20mm.

Despite the presence of the ion exchange resin, a sig
cant counterion density due to dissociation from the gl
walls and colloidal particles could reduce the Debye scre
ing length below the upper limit of'1 mm. To simplify the
problem, we will do the calculation for pure H2O. Let us
assume that the ion exchange resin removes ions until
H1 and OH2 remain, and that the equilibrium condition
that for pure water at 23 °C, or@H1#@OH2#50.9310214

mol2 L22 @27#. If the particle number density is 8.031023

mm23, then, after imposing charge neutrality, and taking in
account the geometry of our sample cell, we obtain that
Debye length is approximately 0.8mm if the charge density
on the glass surfaces is 0.05e/nm2 and 0.9mm if the charge
density is 0.005e/nm2. The latter charge density is the valu
Kayser quoted when he analyzed the wetting of a glass
face by water@40#. These calculated Debye lengths will in
crease if the D2O in the sample cells is taken into account,
if a smaller particle number density is used. Therefore,
contribution of counterions from the glass surfaces and
particles also cannot explain the short Debye lengths.

IV. DISCUSSION

A. Could the presence of the glass wall have an effect
on the results?

Some recent papers by Muramotoet al. and Itoet al. @10#
raised the concern that the bottom glass cover slip may h
influenced the structure of the suspension, even if the co
slip was 100–1000 Debye lengths from the region where
took data. In their work, they studied the distribution of co
loidal particles near a naturally charged glass plate. T
found that approximately 5mm from the glass plate, the
particle density was about a factor of 2 or 3 higher than
the bulk, and the density decreased very slowly with dista
from the plate, assuming the bulk value around 50mm from
the plate. What is very unexpected about this result is
they see the same phenomenon regardless of the dens
the suspending medium~ranging from 1.00 to 1.06 g/cm3),
and it persists even in the presence of high levels of ad
salt, up to NaCl concentrations of about 1024 mol/L. This
NaCl concentration would correspond to a Debye length
0.03mm, which should completely screen out interactions
length scales greater than about 0.3mm. That significant
structure was seen out to 50mm suggests that some ultra
long-ranged interaction is present.

In order to see if this effect was present in our sam
cells, we made a cell according to the same protocol
scribed in Sec. II A, except the suspending medium wa
solution of deionized H2O and KCl of concentration 4
r in

er

fi-
s

n-

ly

e

r-

r
e
e

ve
er
e

y

n
e

at
of

d

f
n

e
e-
a

31025 mol/L, corresponding to a concentration of NaCl f
which Muramotoet al. and Itoet al. saw their condensation
effect. No ion exchange resin was present in the sample
Figure 5 shows the number of particlesN(z) as a function of
distance from the bottom cover slip, which was obtained
averaging together the results of 25 independent sc
through the sample. Note thatN(z) is actually the number of
particles in the region betweenz2h/2 andz1h/2, whereh is
the depth of field. If the number density of particles deca
exponentially with distance from the bottom cover slip, th
N(z) will decay exponentially as well, with the same cha
acteristic length scale. Atz50, half of the field of view is
below the glass plate, where there are no particles, soN(z)
initially increases withz as more of the field of view enter
the sample volume. ThusN(z) should reach a maximum a
z'h/2, whereh is the depth of field, and then decay exp
nentially with a scale height given by 3kT/(4pa3Drg),
whereDr is the difference in density between the particl
and the suspending medium. The number of partic
reached a maximum at 5mm instead ofh/2'1.5 mm, which
could be due to electrostatic repulsion from the wall. T
solid line in Fig. 5 shows the best fit to an exponential for t
region z>7 mm, which gives a scale height of 17.560.1
mm, corresponding to a particle density of 1.04960.002
g/cm3. This is in good agreement with the value of 1.0
g/cm3 quoted by Polysciences. Since we saw the expec
exponential decay in particle density, with no evidence
ultra-long-range structure, we conclude that the phenome
occurring in Muramotoet al. and Ito et al.’s work was not
present in our samples, and we assert that the glass cove
did not affect the bulk structure.

B. Comparison of results to the literature

Our results are surprising, as given our careful sam
preparation and the direct presence of the ion exchange r
we expected to have an ionic strength approaching that
chemically pure environment, which would have led to
interaction range much larger than we observed. In fact,
particles of diameter 1mm suspended in pure H2O, seff
'8 mm (lD51.0 mm), while for pure D2O, seff'13 mm

FIG. 5. The number of particlesN(z) observed at a distancez
from the bottom cover slip~dots!, and the best-fit exponentia
N(z)5169 e2z/17.5 mm ~line! for z>7 mm.
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TABLE II. A summary of interaction measurements in aqueous colloidal suspensions of low ionicity. It includes bulk visual
experiments where microscopy was used to directly image the particles in the bulk, confined visualization experiments in which the
were directly imaged in a confined geometry, and scattering experiments. In bulk experiments and confined experiments, the numb
is given in units ofmm23 andmm22, respectively. A question mark in the table indicates that the information could not be obtained
the reference. Since the confined experiments gave results that could not be explained with DLVO theory, such as attractive intera
attempts were made to extract the DLVO parametersZ andlD , and hence that part of the table is left blank. The effective diameter
calculated, when possible, using the approximationg(seff)50.57, or in some cases, usingU(seff)/kT50.56.

Directly measured parameters DLVO parameters
Diameter Number densitya seff lD

Experiment type (mm) (mm23 or mm22) (mm) (mm) ZłB /a Ref.

Bulk visualizationb 0.979 ~0.24–8.0)31023 1.7–2.3 0.11–0.20 7 Present work
~low density! 0.652 0 2.9 0.272 13c @3#

0.97 0 3.4 0.268 20c @3#

0.97 0 ? 0.10060.010 ? @3#

1.53 0 4.2 0.289 21c @3#

0.65 0 1.6 0.16160.010 4 @2#

0.996 0 3.3 0.32060.030 7 @1#

0.770 ? 1.6 0.42d 0.35d @4#

Confined visualizatione 1.27 ~5.8–24)31023 1.4–3.5 @5#

~low density! 0.5 0.092–0.26 0.5–0.6 @6#

0.97 0 1.5–1.8 @3#

1.53 0 2.4 @3#

Bulk scatteringf 0.080 1.8 0.38g 9 @11#

~high density! 0.091 3.4 *0.15 ? @7#

aA zero in this column indicates that although a value for the number density is not given in the reference, we believe that the re
were working at effectively infinite dilution.
bIn Refs.@1–3#, pairs of particles were positioned close to each other using optical tweezers, and then released. By tracking the
motion, these workers were able to solve the master equation for the equilibrium RDF. The RDF was then inverted to yield the in
potential, which was then fit to DLVO theory@Eq. ~7!# with Z andlD as adjustable parameters. In Ref.@4#, the RDF was computed usin
digital microscopy methods similar to those in the present work, and the resulting interaction potential was fit to DLVO theory in th
way as described above.
cAfter fitting the interaction potential to DLVO theory@Eq. ~7!#, the resulting particle charges were 2–3 times larger than would be expe
by charge renormalization theory. If one fixesZ to be more in line with charge renormalization theory (ZlB /a'7), and allows onlylD to
vary, then the resulting values forlD for these entries would be 0.32–0.38mm, but the fit is poor.
dIn Ref. @4#, a small amount of NaCl (0.531026 mol/L! was added to one of the suspensions. The measured Debye length is in agre
with the expected Debye length calculated from the NaCl concentration. In fact, their Debye length is greater than all other resu
table, for which the workers attempted to deionize their samplesin situ. However, their best fit value forZ is much lower than charge
renormalization theory predicts. If one setsZlB /a57, and allowslD to vary, then one obtainslD'0.13mm, but the resulting potential fits
the data very poorly. We suspect that their data suffers from projection effects, so unprojecting their data would cause a steepen
RDF at r'seff , which would lead to higherZ and lowerlD .
eIn Ref. @3#, the experiment was performed as described in footnote b. In Refs.@5,6#, the RDF was obtained using digital microscop
methods similar to those in the present work.
fIn Ref. @11#, the structure factorS(q) of the suspension was determined via light scattering, which was fit to DLVO theory@Eq. ~7!# using
charge renormalization theory and the rescaled mean spherical approximation using no adjustable parameters. In Ref.@7#, the suspension had
solidified, and we calculated a lower limit to the Debye length using charge renormalization theory and a phase diagram for colloida
@41#.
gEven though the suspension in Ref.@11# was strongly deionized, the high number density of particles led to a large counterion de
which reduced the maximum screening length significantly below that of pure water. The value forlD given here is in good agreement wit
the maximum screening length calculated using the counterion density.
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(lD51.7 mm). Even if we relax our standards for purity t
that of water with resistivity 5 MV cm, which can be
achieved in the bulk~see Sec. III!, we should have hadseff
*3 mm (lD*0.27 mm). In recent years, there have be
many experiments on interactions in colloidal systems us
direct visualization methods@1–6# as in the present work
and also using scattering techniques@7,11#. In order to put
g

our results in context, in Table II we summarize the results
experiments performed under similar conditions, i.e., aq
ous medium, charged polymer spheres, and low ionicity.
of the systems shown in the table are at very low num
density except for those used in the scattering experime

The bulk visualization experiments@1–4# are most like
the present work. These experiments were done far fr
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confining walls, and with the exception of Ref.@4#, these
workers attempted to deionizein situ by placing ion ex-
change resin in the sample cell, but not in close proxim
(*5 mm! to the region where data were taken. These
periments yielded Debye lengths ranging from 0.10 to 0
mm. However, the Debye length of 0.42mm obtained in Ref.
@4# is hard to understand, as explained in footnote d in Ta
II. Our results for the Debye length fall in the low end of th
range. Our effective diameters also fall well below the valu
of 3.3 and 3.4mm reported for suspensions in which th
particles had a diameter approximately equal to that in
present work,'1 mm. This is surprising, since we regar
our sample preparation to be at least as good if not be
than that of other workers.

The results on confined suspensions@3,5,6# are less rel-
evant to the present work, but are still of some intere
These experiments showed that when the height of
sample cell is less than a few particle diameters, the parti
experience an attractive interaction not accounted for
DLVO theory. The depth of the attractive well is of the ord
of ~0.1–1)kT, and occurs much too far away from the pa
ticle to be due to a van der Waals interaction. If we igno
the attractive well, and calculate an effective diameter us
g(seff)50.57, then Table II shows that the interaction ran
(seff) varies significantly among the experiments. Using
concept of an effective diameter instead of the Debye len
to describe the interaction range is especially importan
this case because the DLVO potential does not seem to a
to highly confined suspensions. These workers had ion
change resin in their samples, but due to geometrical c
straints, the ion exchange resin was far away (*5 mm! from
the region of data collection. The range of the interaction
confined systems appears to be somewhat smaller than i
bulk, perhaps due to the larger role that counterions play
smaller sample volume.

Finally, for completeness, the results of two represen
tive scattering experiments@7,11# are also present in Tabl
II. In order to obtain a strong scattering signal that is n
complicated by the individual particle structure, scatter
experiments typically involve very dense suspensions
small particles (a&50 nm!. Since one is in the high densit
regime, it is difficult to obtain information about the pairwis
interactions. In addition, the large number of particles le
to a significant counterion density, which reduces the ma
mum Debye length from its value in pure water of'1 mm.
Therefore, obtaining a Debye length significantly smal
than 1mm in such experiments would not be at all surpr
ing. In fact, the value shown in the table forlD from Ref.
@11# is in good agreement with the maximum possib
screening length calculated from the counterion density.

C. Colloidal particle screening

Netz and Orland recently presented a new theory of c
loidal interactions using field theory techniques, which go
beyond DLVO theory by including non-mean-field effec
such as fluctuations and multibody correlations@12#. For
large particle separations, their expression for the interp
ticle potential has the formU(r );e2kNOr /r , wherekNO is
given by Eq.~8!, except that the sum now includes the co
loidal particles in addition to the ions, i.e.,kNO
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1k2. Thus, their theory predicts that the colloidal particl
themselves contribute to the electrostatic screening, and
just the ions. This is an intriguing concept, as such an ef
could explain our observed short-ranged interaction. Unf
tunately, quantitative comparison with their theory is impo
sible, as they wroteU(r ) as a series expansion containin
first and second order terms, and the second order ter
4–5 orders of magnitude larger than the first order term
our experimental conditions~and for all other workers’ ex-
periments performed thus far at finite dilution!. This strongly
suggests that experiments up to now at finite dilution
outside the range of applicability of their series solution@42#.
It would be interesting to see if including a third order ter
could make a comparison with our experiment possible.

V. CONCLUSIONS

We have presented experimental protocols and d
analysis techniques that were designed to overcome two
ficulties affecting workers who use direct visualization me
ods in colloidal studies: how to maintain a very low ionici
in the surrounding medium, and how to systematica
handle projection effects. We applied these techniques
series of colloidal suspensions of polystyrene microsphe
in a H2O/D2O mixture. We found that the interactions b
tween the particles were surprisingly short ranged, w
projection-corrected effective diameters of 1.7–2.3mm (lD
50.11–0.20mm). This interaction range is very short com
pared to the theoretical upper limit ofseff'8 mm (lD'1
mm) for micron sized particles, and compared to the va
seff*3 mm (lD*0.27 mm) in water of resistivity 5
MV cm, which we could prepare in the bulk, and felt that w
could attain in our sample cells. If we had not corrected
projection effects,seff and lD would have been smaller b
0.1–0.2 and 0.02–0.03mm, respectively.

We are satisfied with our sample preparation and our h
dling of projection effects, but are puzzled by our resu
Our experiment is unique among the literature cited in Ta
II, in that we had ion exchange resin in the sample cell
direct contact with the suspension, which we felt should ha
led to screening lengths at least as long as those obtaine
other workers who did not have ion exchange resin in s
close proximity to the data collection region. Our measu
screening lengths were also far shorter than what we fee
have achieved using bulk purification methods~see Sec. III!,
and we believe that the presence of ion exchange resin
rectly in the sample cell should have yielded better res
than the bulk cleaning methods. Furthermore, our res
were the same regardless of the distance from the ion
change resin, and no collective motion of the colloidal p
ticles was observed, which argues against large ion gradi
in the sample.

Other researchers have also fallen far short of the m
mum possible Debye length in spite of extensive clean
procedures~see Table II!. This, coupled with the large varia
tion in the Debye lengths between different experimen
suggests that work needs to be done in finding the sourc
the impurities in the surrounding medium that is causing
greater than expected screening. Arguments that airbo
CO2 is a significant source of ions are not compelling,
discussed in Sec. III. Before these questions are answe
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efforts to understand even more complicated phenom
such as confinement induced attractions will be hampere

The difficulties in preparing ultrapure water~see Sec. III!,
as well as the concern expressed above, lead us to be
that water is not the best suspending medium for experim
requiring long screening lengths. Perhaps a better med
can be found that is nondissociable~unlike water!, in order to
minimize the ionic concentration. This medium would al
have to be polar so that the surface groups on the part
would dissociate. Such a system might have fewer exp
mental complications than an aqueous system.
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APPENDIX

Here we will show that the effective diameterseff given
by Eq. ~12! can be approximated byU(seff)/kT5e2g,
ld
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where g'0.5772 is Euler’s constant. SettingF(r )
5U(r )/kT, and integrating Eq.~12! by parts, we obtain

seff52E
0

`

rF8~r !e2F(r )dr. ~A1!

Changing the integration variable tou5F(r ), and asserting
that F(0)'`, we obtain

seff5E
0

`

F21~u!e2udu. ~A2!

For DLVO-type potentials of the formF(r );e2kr /r , the
exponential factor dominates the behavior, so we will
F(r )5Ae2kr . Putting this into Eq.~A2!, we obtain

seff5~ ln A!/k1g/k, ~A3!

where we have used*0
`e2xln x dx52g. After some rearrang-

ing, Eq. ~A3! becomesF(seff)5Ae2kseff5e2g, which is
what we set out to prove.

This approximation is essentially exact for a potential
the form U(r );e2kr if the prefactor is large. For DLVO
potentials withZ55000 anda50.5 mm, the error inseff
increases from 0.004% to 0.1% aslD is varied from 0.05 to
1 mm. The error decreases with increasingZ and decreasing
lD . By comparison, with the first order approximatio
U(seff)/kT'1 @43#, the error increases from 2% to 6%
whenlD is varied over the same range.
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